We present a general method of dimensional reduction for phylogenetic tree models.
Introduction
Phylogenetics is the suite of mathematical and computational methods available to biologists for the inference of past evolutionary history of extant species. Typical data inputs to these methods are molecular sequences in various forms including DNA; sequences of amino acids, codons, or proteins; and even large gene orders at the level of whole genomes. Underlying many modern methods (particularly likelihood and Bayesian approaches) is a stochastic model of molecular state evolution; most typically constructed as a Markov process on candidate evolutionary trees. The reader is referred to the texts [18, 9, 23] for excellent backgrounds on mathematical, statistical, and computational aspects of phylogenetics.
Over the last two decades or so there has been much mathematical progress emphasizing natural algebraic structures that underlie phylogenetic models. These range from algebraic geometry arising from model parameterization maps [2, 19] ; to the combinatorial group theory inherent in genome rearrangement models [11] ; to methods of discrete Fourier transforms [12] . Concurrently, in our research we have explored the role of (matrix) Lie groups [21] together with their associated representation theory and invariant functions [20, 15] ; specifically defining what we refer to as "Markov" invariants ( [14] provides a recent review).
In their most abstract setting, Markov invariants provide the means to reduce the high dimensionality of phylogenetic models from exponential in the number of taxa to one-dimensional subspaces spanned by individual polynomial functions. Unfortunately, due to combinatorial explosion it is only feasible to explore these polynomials explicitly for small cases, and this has only been achieved so far for four taxa -the so-called "quartet" case [22, 13] .
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Even though the mathematical properties of Markov invariants are rather elegant, and in themselves quartets are of fundamental importance to phylogenetics, the practical utility of this approach becomes questionable when biologists are interested in the inference of large phylogenetic trees with many, possibly thousands, of taxa. For these and other reasons, it is perhaps not surprising that the emergence of algebraic approaches has not been accompanied by an upsurge in usage by practicing biologists.
In this paper, we will explore a generalization which compromises on the dimensional reduction provided by Markov invariants slightly: we reduce the dimension of the model space from exponential in the number of taxa to quadratic in the number of taxa. This reduction comes with the significant benefit that the method we describe is generally applicable to any number of taxa using standard computational techniques currently available in most programming languages (linear transformations and singular value decomposition SVD), with no further theoretical work required.
The approach hinges on a simple algebraic observation regarding the embedding of Markov matrices into the matrix group of linear invertible affine transformations, and the identification of a particular invariant subspace after distributing over Kronecker (or tensor) products. This paper proceeds as follows. In §2 we give the required background on the algebraic structures underlying phylogenetic models. Specifically, we discuss the so-called "flattenings" and associated rank conditions. In §3 we present our main result of dimensional reduction for phylogenetic models.
In §4 we discuss potential strategies for applying the dimensional reduction in practical setting of phylogenetic tree inference.
Background
We assume we have L taxa labelled as 1, 2, . . . , L together with homologous molecular states drawn from a finite state space κ . For example, we have |κ| = 4 for DNA and |κ| = 20 for amino acids. Since our results are independent of the size of the state space, we will generically write |κ| = k . To produce a phylogenetic model, we fix (i) a (rooted) binary tree T with L leaves, (ii) an initial probability distribution (π i ) i∈κ , and (iii) Markov matrices M (e) for each edge T . These inputs then produce a distribution of site patterns P = (p i 1 i 2 ...i L ) i j ∈κ at the leaves of the tree. This process is illustrated in Figure 1 .
Even though such a model specifies a location for the root of the tree, it is generally the case that the choice of root either does not affect the output distribution in any way [8] , or for each alternative root position there is a corresponding alternative choice of model parameters which produce the same distribution [1] . Thus, without loss of generality, we may remove the root vertex 
i j ∈κ on a phylogenetic tree with seven taxa. Input data is a set of Markov matrices M (e) and an initial distribution (π i ) i∈κ .
from T and hitherto consider T to be a binary tree with all vertices of degree 3 or 1. We refer to the degree 1 vertices as "leaves".
Consider an m|n "split" A|B of the taxon set {1, 2, . . . , L} . This is defined as a bipartition
. . , L} , |A| = m , and |B| = n , so m + n = L . In the obvious way, the edges of any fixed (unrooted) binary tree T correspond to a subset of "nontrivial" ( m, n > 0 ) splits A|B . Correspondingly, for each split A|B we may define a so-called "flattening" of the array p i 1 i 2 ...i L , as the k m × k n matrix Flat A|B (P ) with row entries indexed by the collection of indices {(i s 1 , i s 2 , . . . , i sm ) : A = {s 1 , s 2 , . . . , s m }} and columns indexed by the indices {(i t 1 , i t 2 , . . . , i tn ) : B = {t 1 , t 2 , . . . , t n }} . The indices corresponding to A may be ordered in any way we choose without affecting our arguments (similarly for the indices corresponding to B ), so we proceed by assuming an arbitrary order has been chosen.
As has been observed in many places [3, 4] , phylogenetic models implemented as a Markov chain on a binary tree can be described algebraically using tensor product spaces and/or Kronecker product operations. It follows that we may write 
This construction immediately gives rise to the so-called "edge-invariants" since it is straightforward to show that Flat A|B (P ) has matrix rank at most k if A|B is a split in the tree, and is rank k 2 otherwise. A detailed proof of this is given in [2] . (The reader should note however that our specific construction ofP differs from the "coarse-graining" applied in [2] .)
The edge-invariants are defined as the (k + 1) × (k + 1) minors of the flattening Flat A|B (P ) , which are seen to vanish since the rank of Flat A|B (P ) is preserved (at least generically) under the transformation rule (2-1). These minors form polynomials in the variables (p i 1 i 2 ...i L ) i j ∈κ and are specific cases of what are known as "phylogenetic invariants" in the literature [6, 17] , which are defined as polynomials that vanish on distributions arising from subsets of phylogenetic trees (see [2] for more recent developments). For our purposes, it is crucial to distinguish "phylogenetic" from "Markov" invariants; these are formally distinct polynomials which sometimes, but not always, coincide.
The edge-invariants may be used as a simple test for the occurrence of the edge A|B in the tree T as follows.
(1) Collect the observed molecular sequences into an alignment (using standard, freely available software) to produce a site pattern count array
(2) Suppose that F is sample F ∼ MultiNomial(P, N ) where P is some pattern distribution arising from a Markov model of sequence evolution on a tree T and N is the length of the alignment;
(3) Test for suitability of the edge corresponding to A|B in T by computing the rank r(A|B)
of Flat A|B (F ) ;
(4) If the rank r(A|B) is "close" to k , conclude that A|B is in the tree T .
Ignoring issues of how to numerically estimate the rank ( [7] suggests using the SVD decomposition, and [5] have explored using the minors directly), or how one decides what we mean by "close" in a statistically justified way (this is an open problem generally), as a first step this process provides a mathematically elegant test for the evidence of a specific edge in a phylogenetic tree. Significantly, this test is statistically valid no matter what Markov model of molecular state evolution is presupposed (in this sense it is said that the method is valid for the "general" Markov model). On the down side, the complexity of the rank estimation and comparison problem is exponential in the number of taxa L since Flat A|B (F ) is a k m × k n matrix. So the task clearly becomes impractical for large number of taxa L = m + n .
Recently, the SVD methodology has been explored in detail by [10] with impressive results.
However, this study still restricts attention to quartet trees (presumably because of the complexity issue just mentioned).
Dimensional reduction
We now show that we can significantly reduce the computational complexity of the problem at To achieve this result, we make the simple observation that, under an appropriate similarity transformation, the condition that Markov matrices have unit column-sums (or row-sums, if preferred) is converted into the condition that a certain row (resp. column) has k − 1 zeros and a single 1. Concretely, we may choose the similarity transformation S so any k × k Markov matrix takes the form In applications it is always the case that the entries of Markov matrices M are non-negative -this after all ensures probability conservation of the Markov process. However, we need not worry about these additional conditions to obtain the results we wish to derive here -the above embedding into the affine group is all we will require.
Also noteworthy, is the fact that there are infinitely many choices of similarity transformations S which will achieve the required form given above (any invertible matrix with a constant row will work). However, this is not an issue for applications as long as the final method is otherwise independent of the choice of similarity transformation S . This property will indeed hold for the rank conditions on the sub-flattenings we discuss shortly.
Under an m|n flattening we have 
Similarly, a corresponding expression exists for M ′ B as an (n(k−1)+1) × (n(k−1)+1) matrix. As a simple example to convince the reader, consider the case of a two-fold Kronecker product:
and define
Applying additional Kronecker products requires some row and column permutations to obtain the general form given in ; however, the general construction and the reason for its existence should be clear.
In formal, group theoretical language, we observe (from elementary matrix multiplication) that (3-2) provides a sub-representation of the group × m Aff(n) obtained by taking m direct products of Aff(n) via the Kronecker product M A = M s 1 ⊗ M s 2 ⊗ . . . ⊗ M sm . Ultimately, the phylogenetic dimensional reduction we are about to describe hinges on the existence of this sub-representation and is very much in accord with the general philosophy provided by our explorations of Markov invariants [20, 14] .
Since the form (3-2) is an upper-triangular matrix, we see that this provides, after the similarity transformation, a corresponding invariant ((k − 1)m + 1) × ((k − 1)n + 1) sub-matrix of the transformed flattening:
where m and n Kronecker products appear on the left and right side of the flattening, respectively.
Specifically, after taking the linear change of coordinates, we identify the subset of rows and subset of columns of Flat ′ A|B (P ) corresponding to M ′ A and M ′ B , to define the "sub-flattening" Flat ′ A|B (P ) . This matrix satisfies the remarkable condition
Strikingly, according to (3-2) the sub-flattening transforms bilinearly in the parameters of the individual Markov matrices acting at the leaves of the phylogenetic tree (as opposed to multi-linear rule given in (2-1)). Additionally, we claim that the contrasting rank conditions on Flat A|B (P ) discussed above are retained in a modified form on the sub-flattening Flat ′ A|B (P ) (at least generically speaking, with measure zero). At the present time we are lacking a general proof of this fact, but have a proof in the binary k = 2 case, and additional numerical evidence for k = 3 that supports the following conjecture: Conjecture 1. The sub-flattening Flat ′ A|B (P ) has rank k if the split A|B occurs in tree T and has rank 2(k−1)+1 otherwise.
Thus, we propose to use the sub-flattenings as an alternative, practical test for the existence of specific edges in a phylogenetic tree.
Discussion
We are currently exploring the computational means to exploit the above observations. A potential obstruction is the change of basis required to convert an observed site pattern array F via similarity transformation S . However, we note that this may be efficiently achieved by only computing the entries required for the sub-flattening and also by only summing over the entries of F which are non-zero. For large number of taxa L , F is an extremely large, and hence sparse, array. Without observing that the required transformation can be achieved efficiently there simply would be no way of computing the sub-flattening efficiently and hence the method described would be of no practical use. From these observations, we claim that this is not an insurmountable computational obstruction.
We suspect that the best way to test for low rank will be via SVD, but at present it is unclear what the optimal numeric approach will be since the statistical properties under multinomial sampling of our algebraic methods are unclear. We plan to explore these issues via simulations and testing on real data sets in the near future.
All being well we expect to apply the method as a means for refining a proposed evolutionary tree by (i) identify a contentious edge A|B , (ii) perform an NNI move to obtain two alternative edges, (iii) estimate the rank of the corresponding three subflattenings, and (iv) choose as a better candidate the tree corresponding to the sub-flattening with minimum rank estimate. In this way, we hope to produce a novel, computationally efficient phylogenetic method consistent with the general Markov model of molecular state evolution.
Finally, we expect to produce a general, elementary proof of Conjecture 1 shortly.
